The single-band α-model of superconductivity [H. Padamsee, et al., J. Low Temp. Phys. 12, 387 (1973)] is a popular model that was adapted from the single-band Bardeen-Cooper-Schrieffer (BCS) theory of superconductivity mainly to allow fits to electronic heat capacity versus temperature T data that deviate from the BCS prediction. The model assumes that the normalized superconducting order parameter ∆(T )/∆(0) and therefore the normalized London penetration depth λL(T )/λL(0) are the same as in BCS theory, calculated using the BCS value αBCS ≈ 1.764 of α ≡ ∆(0)/kBTc, where kB is Boltzmann's constant and Tc is the superconducting transition temperature. On the other hand, to calculate the electronic free energy, entropy, heat capacity and thermodynamic critical field versus T , the α-model takes α to be an adjustable parameter. Here we write the BCS equations and limiting behaviors for the superconducting state thermodynamic properties explicitly in terms of α, as needed for calculations within the α-model, and present plots of the results versus T and α that are compared with the respective BCS predictions. Mechanisms such as gap anisotropy and strong coupling that can cause deviations of the thermodynamics from the BCS predictions, especially the heat capacity jump at Tc, are considered. Extensions of the α-model that have appeared in the literature such as the two-band model are also discussed. Tables of values of ∆(T )/∆(0), the normalized London parameter Λ(T )/Λ(0) and λL(T )/λL(0) calculated from the BCS theory using α = αBCS are provided, which are the same in the α-model by assumption. Tables of values of the entropy, heat capacity and thermodynamic critical field versus T for seven values of α including αBCS are also presented.
I. INTRODUCTION
The 1957 Bardeen-Cooper-Schrieffer (BCS) microscopic single-band clean-limit mean-field theory of superconductivity describes superconductivity as arising from an indirect attractive interaction between Cooper pairs of electrons mediated by the electron-phonon interaction.
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In the BCS theory, a Cooper pair has spin S = 0 (a spin singlet) with zero angular momentum corresponding to s-wave superconductivity. The BCS theory is a weak-coupling theory, which means that
where T c is the superconducting transition temperature, Θ D is the Debye temperature, k B Θ D is the maximum phonon energy within the Debye theory, 2 k B is Boltzmann's constant, and ∆(T ) is the superconducting order parameter versus temperature T , which is the activation energy for single quasiparticle (electron and hole) excitations of the superconducting ground state and is often just called the superconducting gap. The actual superconducting energy gap 2∆ is centered on the Fermi energy of the metal and is thus qualitatively different from the energy gap in a semiconductor where the energy gap is between the top of the valence band and bottom of the conduction band. The BCS theory makes precise predictions of ∆(T ) and the magnetic penetration depths derived from it, together with predictions of thermodynamic quantities which include the superconducting state electronic free energy F es (T ), thermodynamic critical field H c (T ), entropy S es (T ) and heat capacity C es (T ).
The BCS theory predicts that ∆(T ) decreases continuously and monotonically to zero as T c is approached from below, resulting in a second-order phase transition at T c . A finite discontinuous increase ("jump") ∆C e (T c ) = C es (T c ) − C en (T c ) in C e (T ) occurs on entering the superconducting state from the normal state with decreasing T . The jump is given in the weak-coupling limit by ∆C e /γ n T c ≈ 1.43 for all BCS superconductors because it is a law of corresponding states, where the normal-state electronic heat capacity is C en (T ) = γ n T and γ n is called the Sommerfeld electronic heat capacity coefficient. This value of ∆C e /γ n T c was confirmed for some superconductors such as Al and Ga, but other superconductors showed ∆C e /γ n T c > 1.43 such as the value 2.7 for Pb. 3 The enhanced jumps were subsequently determined to arise in superconductors that are not in the weak-coupling limit, termed moderate-or strongcoupling superconductors. 4 There exists no rigorous theoretical expression for C es (T ) for such superconductors that can be routinely used to fit experimental heat capacity data such as the heat capacity jump at T c .
To provide a model for fitting experimental C es (T ) data such as ∆C e (T c )/γ n T c and other thermodynamic properties for moderate-and strong-coupling superconductors, Padamsee, Neighbor and Shiffman introduced the single-band α-model in 1973, 5 which is able to fit C es (T ) data not only for strong-coupling superconductors with ∆C e (T c )/γ n T c > 1.43 which was the original motivation, but also for superconductors with ∆C e (T c )/γ n T c < 1.43 which can arise from anisotropy of ∆ in momentum space (see, e.g., Ref. 6 , and Sec. VIII below). The α-model assumes that the normalized gap ∆(T )/∆(0) and therefore the normalized London penetration depth λ L (T )/λ L (0) are the same as in the BCS theory which are calculated using the BCS value α BCS ≈ 1.764 of α ≡ ∆(0)/k B T c . On the other hand, the normalized superconducting state S es (T )/γ n T c , C es (T )/γT c , F es (T )/γT 2 c and H c (T )/ γT 2 c are calculated taking α to be an adjustable parameter in the corresponding BCS equations to allow fits to experimental data that deviate from the BCS predictions.
Thus the α-model is not self-consistent, but provides a popular model with which experimentalists can fit their electronic superconducting state thermodynamic data that deviate from the BCS predictions and to quantify those deviations. However, few of the many papers reporting use of the α-model to fit experimental C es (T ) data explain how the theoretical values for the fits were obtained. Indeed, the original exposition by Pademsee et al. in Ref. 5 is not completely developed. The main purpose of the present paper is to write the BCS equations for the thermodynamic properties explicitly in terms of α so that these equations can be directly used to numerically calculate and plot these properties versus both T and α. We also discuss predictions of the BCS theory itself for comparison with the predictions of the α-model. Tables of values of the various superconducting state properties for both the BCS theory versus T and the α-model versus T and α are provided.
In order to introduce and explain calculations needed for the α-model, the predictions of the BCS theory 1, 7 and their limiting behaviors at low and high temperatures are first discussed. These BCS superconducting state predictions are described in Secs. II-VI including plots of calculated data. The equations are written in terms of the α parameter of the α-model, which are then used in Sec. VII to calculate S es , C es , and H c versus T and α, which are compared with the BCS theory predictions. The role of gap anisotropy as a mechanism for producing reduced heat capacity jumps ∆C e /γ n T c < 1.43 is discussed and calculated for several example cases in Sec. VIII. Extensions of the single-band α-model that have appeared in the literature are briefly discussed in Sec. IX. A summary is given in Sec. X. In this paper, we use Gaussian cgs units throughout.
In the Appendix, tables are provided of values of ∆(t)/∆(0), the London parameter Λ(t)/Λ(0) and λ L (t)/λ L (0) calculated from the BCS theory using α = α BCS , where t = T /T c , which are the same in the α-model by assumption, and a table of the BCS prediction of the Pippard penetration depth λ P (t)/λ P (0) versus t. Also provided in the Appendix are tables of the normalized values S es (t)/γ n T c , C es (t)/γ n T c and H c (t)/ γ n T 2 c versus t for seven values of α including α BCS . These tables supplement the very popular 
II. BCS GAP EQUATION AND Tc
The BCS gap equation is
where
is the energy of an electron excited above the superconducting energy gap and of a simultaneously excited hole below the gap with respect to the Fermi energy E F at the center of the gap, both of which are defined to be positive, ǫ is the normal-state single-particle energy, V is the electron-phonon coupling constant and ∆ is assumed to be the same everywhere on the Fermi surface (isotropic s-wave superconductivity). The excited electrons and holes are together termed quasiparticles. It is assumed that k B Θ D /E F ≪ 1, where E F is the Fermi energy measured from the bottom of the electron conduction band. In the BCS theory, the energies ǫ and E are measured with respect to E F , so E F ≡ 0 for those energies. N (0) ≡ N (E F ) is the normal-state electronic density of states at ǫ = E F = 0 for a single spin direction, which is assumed to be constant over the energy range of interest in the theory. The full energy gap that develops below the superconducting transition temperature T c is 2∆(T ), with E F in the middle of the gap. Thus ∆ is the activation energy for a quasiparticle excitation and 2∆ is the energy required to break up a Cooper pair via simultaneous excitations of an electron and a hole quasiparticle. The energy E in Eq. (2b) approaches the normal state energy ǫ for ǫ ≫ ∆. To determine T c , one sets ∆ = 0 and T = T c in Eqs. (2) and takes the weak-coupling limit T c /Θ D ≪ 1, yielding the BCS equation for T c given by
where γ E ≈ 0.5772 is Euler's constant. Defining the symbol
Eq. (3) can be written
Inserting this into the right side of Eq. (2a) gives a second form of the gap equation
III. BCS SUPERCONDUCTING ORDER PARAMETER ∆(T )
Taking the limit T → 0 and the weak-coupling limit T c /Θ D → 0 in Eq. (6) allows ∆(0) to be evaluated as
The full superconducting energy gap at T = 0 is therefore
Inserting the expression for α BCS in Eq. (7a) into the right side of the gap equation (6) gives a third form of the gap equation
In order to calculate the temperature dependence of ∆ we define dimensionless reduced variables
From Eq. (2b), the excited quasiparticles have reduced energyẼ
Using Eq. (7a) and the definitions (9) and (10), the gap equation (8) expressed in dimensionless variables is
where now the ratio k B Θ D /∆(0) occurs both in the upper limit to the integral on the left side and in the argument of the logarithm on the right side. Numerically solving Eqs. (10) and (11) for∆ at fixed values of t in the asymptotic weak-coupling regime with k B Θ D /∆(0) = 500 ≫ 1, where the calculated∆(t) is numerically independent of the precise value of k B Θ D /∆(0), yields the∆ versus t data shown in Fig. 1 . A list of∆(t) values is given in Table II in the Appendix, where a logarithmic scale in 1 − t is used to provide a high density of ∆ values for t → 1 where∆ varies rapidly. Also shown in Fig. 1 is a plot of∆ 2 (t) versus t, from which one sees that the order parameter near T c is ∆(t → 1) ∼ √ 1 − t, a t dependence characteristic of mean-field behavior as further discussed below.
The low-t behavior of∆(t) can be obtained from Eqs. 
from which expressions for the temperature derivatives d n∆ (t → 0)/dt n can also be calculated. An expression for computing d∆ 2 /dt for 0 ≤ t ≤ 1, which we need below to calculate C es (t), is obtained by taking the t derivative of the gap equation (11) and solving for d∆ 2 /dt, yielding
Alternatively, one can use Eqs. (40) and (42b) below to calculate d∆ 2 (t)/dt, which give the same numerical results as Eqs. (13).
For T → T c , one obtains
≡ −A, where ζ(x) is the Riemann zeta function. From Fig. 1 and Eq. (14), for t → 1 one has
Equations (14) and (15) givẽ
which is a t dependence of the order parameter characteristic of mean-field theories as noted above. Equation (16a) can also be written as
where we used the expression for α BCS in Eq. (4). For later use, we combine Eqs. (14) and (15) to obtain
Using Eqs. (13), d∆ 2 /dt and d∆/dt at t → 0 are calculated to be
These two results are the same as obtained directly from Eq. (12) by taking the respective derivative and utilizing only the leading term ∼ √ t in the prefactor of the exponential.
IV. BCS ELECTRONIC ENTROPY AND HEAT CAPACITY
The normal-state Sommerfeld electronic specific heat coefficient γ n is related to N (0) by
The γ n is the measured value and therefore both γ n and N (0) contain the same enhancements by many-body electron-electron correlations and the electron-phonon interaction. Using Eq. (19), the superconducting-state electronic entropy S es and heat capacity C es are expressed in terms of γ n T c and reduced variables according to where the Fermi-Dirac distribution function is (with
The normalized electronic entropy S e /γ n T c versus reduced temperature t calculated numerically using Eq. (20a) is plotted as the solid black curve in Fig. 2 . One sees that the superconducting and normal state entropies are the same at T c , which demonstrates that the superconducting transition is second order with no latent heat. The superconducting state entropy is lower than the normal state entropy for 0 ≤ t < 1, showing that the superconducting state is more ordered than the normal state in this temperature range. The superconductingstate entropy approaches zero exponentially for t → 0 due to the superconducting energy gap for quasiparticle excitations.
To obtain C es at a particular t one first determines ∆ at that t using Eq. (11), inserts that into Eqs. (13) to determine d∆ 2 /dt at that t, and then inserts these two quantities into Eq. (20b) and does the integral there. All integrals are done numerically. A plot of the BCS prediction of C e versus t for α = α BCS is shown as the black solid curve in Fig. 3(a) . The heat capacity jump ∆C e (T c ) on cooling below T c is given by Eq. (20b) as Substituting the expressions for α BCS from Eq. (4) and d∆ 2 /dt| t=1 from Eq. (14) into (21) gives
At low temperatures t < ∼ 0.2 where∆ ≈ 1 (see Table II in the Appendix), the heat capacity is given by BCS as
where K n (x) is the modified Bessel function of the second kind. This heat capacity arises from excitations of electron and hole quasiparticles, and at these low temperatures does not include a contribution from a change with temperature of the superconducting condensation energy ∼ ∆ 2 . We have verified that numerical data generated using Eq. (20b) are in precise agreement with Eq. (23) at t < ∼ 0.2. The expansion of Eq. (23) at low t is
(24)
Thus at low t, C es decreases exponentially to zero with decreasing t. Using α BCS /t ≡ ∆(0)/k B T , this T dependence is seen to arise from excitations of electron and hole quasiparticles above and below the superconducting energy gap, respectively, with activation energy ∆(0) for both types of quasiparticle. The numerical prefactor is 3 √ 2 α BCS /π 3/2 ≈ 1.344.
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BCS fitted their calculations of C es (t)/γ n T c for t < ∼ 0.7 using Eq. (20b) by the expression C es (t)/γ n T c = ae
and obtained a = 8.5 and b = 1.44. Because a was a constant independent of t and the fit was not done in the low-t limit, the fitted value b = 1.44 in the exponent is not equal to the low-t limit value α BCS = ∆(0)/k B T c ≈ 1.764. The fit was done to compare their theoretical prediction with experimental data that were not in the low-t limit. Within BCS theory, one could evidently obtain ∆(0) from fits of experimental C es (T ) data for T < ∼ 0.7 T c by the expression C es (T ) = a ′ e −b ′ /kBT using ∆(0) ≈ 1.22 b ′ , where 1.22 = 1.76/1.44.
V. BCS ELECTRONIC FREE ENERGY Fes AND THERMODYNAMIC CRITICAL FIELD Hc
The electronic Helmholtz free energy F e is
where U e is the electronic internal energy. The normalstate free energy is
The free energy F es of a BCS superconductor in the weakcoupling limit is
For∆ → 0 at t → 1 one regains the normal-state free energy, i.e., The superconducting state has a lower free energy than the normal state for 0 ≤ t < 1, demonstrating that the superconducting state is the ground state in this temperature interval.
The thermodynamic critical field H c (T ) is defined in terms of the free energy difference at zero applied magnetic field between the normal and superconducting states versus temperature as
Since H c is expressed in cgs units of Oe, where 1 Oe 2 = 1 erg/cm 3 , the free energy is normalized to unit volume with units of erg/cm 3 and γ n is expressed in units of erg/cm 3 K 2 . The value of H c (T = 0) obtained from Eqs. (26), (27) and (29) is
where the expression for α BCS in Eq. (4) was used to obtain the second equality. A plot of H c /H c (0) versus t calculated numerically using Eqs. (26), (27) and (29) for α = α BCS is shown in Fig. 4 (a) and versus t 2 in Fig. 4(b) . From the latter figure one sees that H c (t)/H c (0) ≈ 1 − t 2 as noted by BCS. A list of H c (t)/H c (0) values versus t for α = α BCS is given in Table V in the Appendix.
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One can also determine H c (t) from the difference between the normal-and superconducting-state entropies
where S en (t ′ )/γ n T c = t ′ , and S es (t ′ )/γ n T c is given in Eq. (20a). Equation (31) is used to extract H c (T ) from experimental heat capacity data after subtracting the lattice and possible magnetic contributions. Within BCS theory, we find that the normalized H c / γ n T 2 c versus t calculated from Eq. (31) is identical to that calculated from the free energy in Eq. (29) and plotted in Fig. 4 (a) for α = α BCS , as must necessarily be the case.
VI. MAGNETIC FIELD PENETRATION DEPTH
The magnetic field penetration depth λ(T ) of a superconductor is defined as the length scale of penetration of an external magnetic induction into a semi-infinite superconductor with the field applied parallel to the flat surface of the superconductor.
3,12 Taking the external field direction as the z-direction and the direction perpendicular to the surface as the x-direction, the general definition is
where H ext = B ext are the applied magnetic field and magnetic induction and B is the magnetic induction inside the superconductor. Two limiting regimes for λ are discussed by BCS. The London limit with λ ≡ λ L corresponds to ξ 0 /λ L ≪ 1, where
is the BCS coherence length, which is the minimum length scale over which ∆ can change significantly at low temperatures t ≪ 1, and v F is the Fermi velocity (speed).
Here local electrodynamics is used, which apply to type-II superconductors. Most superconducting compounds are in this regime. The other limit is the Pippard limit ξ 0 /λ P ≫ 1 with λ P ≡ λ in which nonlocal electrodynamics is important and which applies to extreme type-I clean superconductors such as pure Al with T c = 1.2 K. 3 In the BCS paper, quasiparticle scattering by impurities is not included in any of the calculations. This "clean limit" corresponds to ℓ ≫ max(ξ 0 , λ), where ℓ is the mean free path for quasiparticle scattering by impurities. BCS commented that λ is expected to increase with decreasing ℓ, as elaborated by Tinkham.
7

A. London Local Electrodynamics
In the London local limit of the electrodyamics where ξ 0 /λ ≪ 1, using the notation in Eq. (32) the London equations yield
where λ L ≡ λ is the London penetration depth. The superconducting current density J(r) is related to the magnetic vector potential A(r) in the London gauge by
where for a free electron gas one has
c is the speed of light in vacuum, m is the electron mass, n is the normal-state conduction electron density, e is the fundamental electric charge and ω p is the plasma angular frequency of the conduction electrons in the normal state.
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The BCS solution for the London parameter Λ(t) and the corresponding superfluid density ρ s (t) in the two-fluid model is
In the limit t → 0, one can set∆ = 1 and replace sech(z) by 2 e −z in the integral (40a). Then the integral can be evaluated analytically, yielding
BCS relate Λ(t) to the temperature derivative of the gap according to
Then using Eq. (39) one obtains
. (42b)
In the limit t → 1, combining Eqs. (17) and (42b) gives
The BCS prediction for λ L (t) is, using Eq. (39),
which can be written
From Eqs. (42a) and (44a) and Fig. 1 , λ L (t)/λ L (0) is equal to unity at t = 0 and diverges to ∞ for t → 1. BCS commented that superconductors that are not in the London limit at low temperatures would be expected to come into that limit for t → 1 as λ diverges. At low temperatures t ≪ 1 one has I(t) ≪ 1 from Eq. (41), so one can Taylor expand Eq. (44a) about I(t) = 0 and use Eq. (41) to obtain the low-t approximations
For t → 1, inserting the expression in Eq. (43) for
which diverges to ∞ at t = 1 as noted above. Very 
− 1 versus reduced temperature t = T /Tc in the London limit ξ0/λL ≪ 1 computed using Eqs. (40) and (44). The low-T approximation in Eq. (45a) and the high-T approximation in Eq. (45c) are also shown.
(b) Inverse penetration depth squared, − 1 from Eqs. (40) and (44a) versus t is given in Table VI in the Appendix.
To test power law temperature dependences, in Fig. 5 
2 versus t, t 2 , t 3 and t 4 . None of the four plots are linear over the whole temperature range, but the t 2 dependence comes closest overall. 
B. Pippard Nonlocal Electrodynamics
In the Pippard limit ξ 0 /λ ≫ 1 for which nonlocal electrodynamics is appropriate in clean extreme type-I superconductors, the BCS prediction for the t dependence of λ ≡ λ P for diffuse scattering of quasiparticles from the surface of the superconductor is
Since ξ 0 /λ ≫ 1 in the Pippard limit, Eq. (46b) gives λ P (0) > λ L (0), as also expected from general arguments. Table VII in the Appendix. For t → 0, we use the lowest-order expansion of ∆ in Eq. (12) and the large argument approximation tanh(x) = 1 − 2e −2x in Eq. (46a) to obtain
For t → 1 where∆ → 0, one can set tanh(x) = x in Eq. (46a) and use Eqs. (4), (14) and (15) to obtain
(48) A plot of ∆λ P (t)/λ P (0) versus t calculated from Eq. (46a) is shown in Fig. 6(a) along with the low-and high-T approximations and their extrapolations using Eqs. (47) and (48), respectively. Plots of [λ P (0)/λ P (t)] 2 versus t n (n = 1-4) are shown in Fig. 6(b) . As noted by BCS, the calculations as displayed in Fig. 6 (b) are approximately described by the Gorter-Casimir two-fluid model with n = 4 given by
A comparison of Figs. 5(a) and 6(a) shows that λ P (t → 1) diverges more slowly than λ L (t → 1). However, as discussed above, a superconductor in the Pippard limit ξ 0 /λ ≫ 1 at low t would cross over to the London limit ξ 0 /λ ≪ 1 as T c is approached due to the divergence of λ at T c .
VII. PREDICTIONS OF THE α-MODEL
The superconducting state entropy, heat capacity, free energy and thermodynamic critical field are calculated within the α-model by replacing α BCS in Eqs. (20) , (21), (23) , (24), (27) and (30) by an adjustable parameter α ≡ ∆(0)/k B T c . As noted in the introduction, the BCS t dependence of the reduced gap∆(t) in Fig. 1 calculated using Eq. (11) is retained, which is carried out using the BCS value α BCS ≈ 1.764 in Eq. (4). From Eqs. (42a) and (44a), the normalized London penetration depth λ L (t)/λ L (0) is uniquely related to∆(t) and is hence also the same in the α-model as in the BCS theory.
The electronic entropy S e normalized by γ n T c determined using Eq. (20a) is plotted versus t in Fig. 2 for three values of α including the value α = α BCS . One sees that the superconducting-and normal-state entropies are the same at T c for α = 1.5 and 2, as is the case for the BCS value α BCS ≈ 1.764, so the transition at T c remains second-order within the α-model. The electronic specific heat C e /γ n T c obtained from Eq. (20b) is plotted versus t in Fig. 3(a) for the same three values of α. The specific heat jump at T c , ∆C e (T c )/γ n T c is plotted versus α in Fig. 3(b). Figures 3(a) and 3(b) show that ∆C e (T c )/γ n T c increases rather strongly with increasing α. (21) and (22) give the heat capacity jump at T c as
Since∆
The proportionality ∆C e (T c )/γ n T c ∝ α 2 was previously noted.
14 The numerical calculations of C es (t)/tγ n T c at t = 1 for the α-model for various values of α in Fig. 1 
The dependences of H c /H c (0) on t and t 2 obtained by replacing α BCS by α in numerical solutions of Eqs. (27) and (29) Fig. 4(b) changes from positive to negative and the deviation from a 1−t 2 dependence from negative to positive for 0 < t < 1, as previously documented.
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Changing α from the BCS value to a different value involves more than just multiplying the BCS thermodynamic results by a power of α/α BCS , since in addition to its presence in a prefactor, the parameter α is embedded within the respective integrals via the Fermi function in Eq. (20c). Therefore, e.g., one cannot use a table of BCS thermodynamic property values versus T to calculate the corresponding T -dependent predictions of the α-model. For example: (1) This is clear from Figs. 2, 3(a) and 4 where the shapes of the respective curves versus temperature strongly depend on α; (2) The superconducting and normal state entropies at T c are not the same if one simply multiplies the BCS superconducting state S se (t)/γ n T c values in Eq. (20a) or Fig. 2 by (α/α BCS ) 2 = 1, which is in conflict with our numerical calculations above which demonstrate that the α-model predicts a second-order transition at T c ; and (3) From Eq. (20b), if one ignores the presence of α inside the integral, one would infer that ∆C e (T c )/γ n T c ∝ α 3 instead of the exact prediction with an α 2 dependence in Eq. (50). Using Eq. (50), an accurate estimate of α can be obtained within the α-model from an accurate measurement of a sharp bulk heat capacity jump at T c . However, the above discussion shows that to obtain accurate predictions of the entropy, heat capacity and thermodynamic critical field versus temperature for a given value of α, one should do numerical calculations for that α using the appropriate equations. Values of S es /γ n T c , C es /γ n T c and Tables III, IV and V, respectively. Perhaps surprisingly, if α BCS is consistently changed to be a fixed but arbitrary value α throughout the calculations, including those for∆(t) and d∆ 2 (t)/dt, we find that S es (t)/γ n T c and C es (t)/γ n T c are independent of α. In other words, if the α-model is treated self-consistently, the thermodynamic properties are the same as already presented for the BCS theory in Secs. IV and V for α = α BCS ≈ 1.764, irrespective of the value of α.
VIII. ORIGINS OF DEVIATIONS OF THE HEAT CAPACITY JUMP AT Tc FROM THE BCS PREDICTION
In this section we discuss superconducting gap anisotropies and other effects that can give rise to differences in the thermodynamic properties of superconductors from the predictions of the BCS theory that the single-band α-model is generically formulated to fit. Thus from the fits one can quantify such deviations, which can then be interpreted in terms of other models.
If the superconducting gap is anisotropic in momentum space or scattering of the conduction carriers by magnetic impurities occurs, then one can obtain α < α BCS and ∆C es (T c )/γ n T c < 1.43 in a singleband superconductor.
6, 15 Openov has presented a comprehensive theory on the effect of anisotropy in the superconducting order parameter on the specific heat jump ∆C e /γ n T c of BCS superconductors (i.e., within the weakcoupling mean-field approximation).
6 The calculations were carried out not only for clean superconductors as in the original BCS theory but also for those in which nonmagnetic and/or magnetic impurity scattering of the conduction electrons occurs. We mainly discuss the cleanlimit predictions here.
The wave vector k dependent order parameter ∆ k is defined as
where ∆ 0 (T ) is an angle-independent positive constant and F gives its angular dependence on the Fermi surface
coordinates where θ and φ are the polar and azimuthal angles, respectively. Then the prediction is
where · · · FS is an average of the enclosed quantity over the Fermi surface and the prefactor in square brackets is the heat capacity jump ∆C e (T c ) BCS /γ n T c ≈ 1.426 in Eq. (22) for a BCS superconductor with an isotropic gap (F = 1). The moments of F are defined as
We normalize F (θ, φ) such that F 2 (θ, φ) FS = 1, and then rewrite Eq. (53) as
For simplicity, we consider here free-electron Fermi surfaces in either two dimensions (2D, cylindrical) or three (3D, spherical). Several types of gap anisotropy for 2D square or 3D tetragonal symmetry 16 are considered as shown in Table I . Polar plots of the angular dependences of the 2D anisotropic s-wave and d-wave order parameters are shown in Fig. 7 . Conventional superconductors driven by the electron-phonon interaction have s-wave order parameters with the same sign everywhere on the Fermi surface, whereas some unconventional superconductors such as the high-T c cuprates have sign-changing d-wave order parameters. 16 An example of a 3D axial anisotropic s-wave gap 17 is shown in Fig. 8 . The heat capacity jump at T c in these cases is calculated using Eq. (55). For 2D d-wave pairing, ∆C e (T c )/∆C e (T c ) BCS has the single value of 2/3 (Table I).
Plots of ∆C e (T c )/∆C e (T c ) BCS versus the respectively-defined anisotropy parameter a for 2D anisotropic s-wave and 3D axial anisotropic s-wave order parameters calculated from the expressions in Table I using Eq. (55) are shown in Fig. 9 . One sees that the heat capacity jump at T c monotonically decreases from the BCS value with increasing anisotropy, which corresponds to decreasing a for 2D anisotropic s-wave and increasing a for 3D axial anisotropic s-wave order parameters. The maximum decrease in the limit of large anisotropy is about a factor of two for both types of anisotropy. Table I .
As mentioned in the introduction, values of the specific heat jump ∆C e (T c )/γ n T c larger than the BCS value of 1.43 are observed in moderate-and strong-coupling superconductors for which α > α BCS . 4 Combescot concluded that α has the upper limit α ≤ 2 within the weakcoupling BCS theory. 18 When magnetic impurities are present in a BCS superconductor, both T c and the normalized specific heat jump ∆C e (T c )/γ n T c are reduced compared to the BCS values with increasing electronimpurity scattering rate.
6, 19 Both quantities go to zero at sufficiently high scattering rates. Nonmagnetic impurites can also depress both T c and ∆C e (T c )/γ n T c for single-band materials with anisotropic superconducting order parameters. Table I for the 2D anisotropic s-wave and the 3D axial anisotropic s-wave order parameters. The different behaviors versus a result from the different roles of a in the anisotropy expressions in Table I .
IX. EXTENSIONS OF THE SINGLE-BAND α-MODEL
The single-band α-model in the clean limit has been extended to the two-band α-model in which each of two electron bands develop distinct isotropic superconducting energy gaps on the two respective Fermi surfaces. The parameter α = ∆(0)/k B T c and ∆(0) are different for the two bands but T c is the same. Within the weak-coupling theory, Eq. (53) for the heat capacity jump at T c for an anisotropic single gap is generalized to
where c 1 and c 2 are the respective fractions of the total N (0) contributed by bands 1 and 2, with c 1 + c 2 = 1, and the prefactor in square brackets is the BCS value of ∆C e (T c )/γ n T c in Eq. (22) .
The isotropic s-wave two-band (two-gap) α-model has been applied to understand the temperature dependences of the specific heat and London penetration depth of materials such as the fiducial two-gap compound MgB 2 with T c = 39 K (Refs. 14, 21, 22) and NbSe 2 (T c = 7.1 K).
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It seems likely that many previously-studied superconductors in the clean limit have multi-gap behaviors in addition to those already identified. Dolgov et al. made a detailed comparison of the predictions of the twoband α-model with the corresponding solution to the full Eliashberg equations and found good agreement.
24 When strong interband scattering by nonmagnetic impurities is present, within the Eliashberg formalism the two gaps merge into a single gap. 25 Interband scattering by nonmagnetic impurities has a similar strong effect on the superconductivity in a two-band, two-gap superconductor as does intraband scattering by magnetic impurities in a single-gap superconductor.
As noted above, the α-model is not self-consistent because α = α BCS is used to calculate∆(t) and the London penetration depth, but a different α value is used to calculate the thermodynamic properties. Kogan, Martin and Prozorov formulated a two-band (twogap) weak-coupling clean-limit model with isotropic swave gaps on each Fermi surface, termed the γ-model, that self-consistently treats the temperature dependences of the two gaps and the associated London penetration depth and thermodymic properties. 26 They find that ∆C e (T c )/k B T c has an upper limit given by the BCS value of 1.43, and can be strongly suppressed from that value depending on the relative values of N (0) of the two bands and the intraband and interband electronphonon coupling constants. The same effect was documented in Sec. VIII above for anisotropy of the gap within the single-band model. Thus when considering the effects of gap anisotropy on the heat capacity jump at T c , one should evidently consider gap anisotropy globally within the Brillouin zone. That is, when two Fermi surfaces each have isotropic gaps, but where the gaps are different on each Fermi surface, then the gap is wave-vector-dependent within the Brillouin zone, leading to a suppression of the heat capacity jump from the BCS value qualitatively similar to that in the anisotropic single-band model. Kogan, Martin and Prozorov applied their γ-model to precisely fit the temperature dependences of the London penetration depth and electronic heat capacity of MgB 2 and V 3 Si (T c = 17 K). Prozorov and Kogan have also reviewed applications of the same model to fit the temperature dependences of the London penetration depths of multi-gap FeAs-based high-T c superconductors.
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X. SUMMARY
The single-band α-model has been extensively used by experimentalists in the past to fit electronic heat capacity versus temperature data for superconductors that deviate from the BCS prediction. The model is based on the BCS theory and assumes the same values of the normalized gap and London penetration depth as predicted by BCS that are obtained using the BCS value α BCS ≈ 1.764 of α ≡ ∆(0)/k B T c . However, in calculating the electronic entropy, heat capacity, free energy and thermodynamic critical field of the superconducting state, the α-model takes α to be a variable, which then allows calculations of these thermodynamic quantities to be adjusted to fit experimental data. This is an inconsistency in the model.
Most previous experimental papers fitting the α model to experimental thermodynamics data do not explain how the theoretical values used in the fit were obtained. We have written the equations for the thermodynamic predictions of the BCS theory in terms of α to clarify how to calculate these quantities versus α and T and have compared the results for different α with the BCS predictions. Tables of values of the BCS predictions of the superconducting order parameter, London parameter and London penetration depth versus temperature are given in the Appendix, which are the same in the α-model by assumption, and of the Pippard penetration depth versus temperature. Additional tables in the Appendix give the temperature dependences of the superconducting state electronic entropy, heat capacity and thermodynamic critical field for seven representative values of α including α BCS to facilitate fitting of experimental data by the α-model. These results could be interpolated to obtain values for other values of α. These tables supplement the table in Ref. 8 of superconducting state properties versus temperature predicted by the BCS theory.
We find that if the α-model is treated self-consistently, i.e., if the same value of α is used to calculate the temperature dependence of the superconducting gap and of the thermodynamic properties, then the normalized thermodynamic properties versus temperature are independent of α and are therefore the same as presented for the BCS theory in Secs. IV and V and Tables III-V in the Appendix for α = α BCS ≈ 1.764.
Mechanisms for producing deviations of the superconducting state thermodynamic properties from the BCS predictions were discussed that can be quantified using the α-model. It is well-known that strong electron-phonon coupling increases the heat capacity jump ∆C e (T c )/γ n T c at T c compared to the BCS value of 1.43. 4 We calculated the influence of superconducting gap anisotropy in momentum space on the specific heat jump at T c for several types of gap anisotropy using the formalism discussed in Ref. 6 , and found that the jump monotonically decreases with increasing anisotropy from the BCS value by up to a factor of two. Extensions of the α model were also discussed, including the two-band α-model 20 and the self-consistent two-band γ-model.
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The present work points the way towards a uniform application of the α-model by experimentalists in their analyses of superconducting state thermodynamic data.
TABLE II: Normalized superconducting order parameter∆(t) ≡ ∆(t)/∆(0) versus reduced temperature t = T /Tc calculated within the BCS weak-coupling theory using Eq. (11). The data are the same in the α-model. 
